An implicit relaxation scheme is derived for the simulation of multi-dimensional flows 4 at all Mach numbers, ranging from very small to order unity. An analytical proof of the asymptotic 5 preserving property is proposed and the divergence-free condition on the velocity in the incompress-6
In general, the purpose of an all-speed scheme is to handle both the compressible (2.2) e = 1 2 |u| 2 + .
115
For fluid dynamics problems, we consider the following state law, which extends the 116 applicability of the ideal gas EOS:
The internal energy is written as a function of the density and the entropy s and we 119 have used the definition of the pressure for the second equality (see [46, 31] ). Here, 120 γ = c p /c v is the polytropic gas constant, κ (s) = exp ((s − s 0 ) /c v ) with s 0 reference 121 entropy and p ∞ is a constant describing the intermolecular interaction, typical of 122 stiffened gases, liquids and also some solids. The perfect gas EOS is recovered by 123 setting p ∞ = 0. The general formulation for the speed of sound reads as follows 124 (2.4) c = ∂p ∂ρ s=const = γ (p + p ∞ ) ρ . 125 We now briefly revise the analysis of the low Mach number regime in fluid dy- 126 namics. For simplicity of notation, we consider a perfect gas, i. e. p ∞ = 0.
127
After some simple algebraic manipulations, most of the reference quantities cancel out, leading to the non-dimensional Euler system (we omit the hat notation · for the sake of simplicity):
The non-dimensional Euler system depends only on a single non-dimensional refer-136 ence quantity. This is the reference Mach number, defined as the ratio between the 137 reference flow velocity and the reference sound speed as follows:
The non-dimensional state law takes the following formulation: 140 (2.9) p = (γ − 1) ρe − M 2 2 ρ|u| 2 . Relations (2.11) and (2.12) prove that the pressure is constant in space up to 157 fluctuations of order M 2 . Hence, we can write the following pressure asymptotic: 158 (2.17) p (x, t) = P 0 (t) + M 2 p 2 (x, t) , 159 where P 0 (t) is a thermodynamic pressure constant in space.
In presence of open 160 boundaries, the thermodynamic pressure P 0 is imposed to be equal to the exterior 161 pressure P ext . For the sake of simplicity, we assume that the exterior pressure does With the study of the asymptotics carried out above, system (2.13)-(2.14)-(2.15) 171 reduces to the incompressible Euler system in its non-dimensional form. This system 172 is the zero Mach number limit of the compressible Euler system and reads as follows 173 (2.18)
3. Implicit relaxation all-speed scheme. To allow for an efficient and robust 175 numerical procedure, we adopt the multi-dimensional Jin-Xin relaxation approach 176 [26]: a linear hyperbolic relaxation system is built to approximate the original system 177 (here the Euler system (2.1)) with a small dissipative correction. Thanks to the 178 linearity of the advection terms, the spatial derivatives lose their dependence on the 179 state law. Numerical schemes are then derived in a general formulation that is not 180 related to the EOS of a given material. Nonlinear terms appear only in the right hand 181 side of the relaxation system, thus only diagonal terms are interested by the need of 182 a linearization in the discretization process.
183
A fully implicit time integration of the relaxation system is proposed. Thus, 184 acoustic CFL constraints are not required and a centered spatial discretization of the 185 stiff parts when the M → 0 can be adopted, without stability issues. This is crucial 186 to get the correct numerical viscosity in the low Mach number regime. 3.1. The Jin-Xin relaxation. Letting x = (x 1 , x 2 ) be the coordinates in the 188 canonical basis of R 2 , u = (u 1 , u 2 ) the velocity components, system (2.1) may be 189 rewritten in a general compact form in the following way:
where we have adopted the directional splitting of the flux function, with ψ ∈ R n and 192 F (ψ) , G (ψ) ∈ R n . This is a system of n equations, with (x, t) ∈ R d , R + , with 193 d = 2. In our case, we have n = 4 and the conservation variables and the fluxes along 194 the two directions read as follows:
The corresponding Jin-Xin relaxation system is constructed by introducing two 197 vectors containing the relaxation variables v ∈ R n and w ∈ R n in the two directions, 198 approximating the fluxes F (ψ) and G (ψ) respectively. The relaxation system of 199 dimension n × (d + 1) takes the following formulation:
The small positive parameter η is called relaxation rate. 
Specifically, we construct these matrices by a-priori estimating the wave speeds λ i of 209 the original system (2.1). In the simplified case of A = A 1 = A 2 = diag{a i }, the 210 eigenvalues of the relaxation system are computed as follows 
At leading order O η (1) (zero relaxation limit η → 0), the original system is easily 220 recovered, with the relaxation variables identically equal to the fluxes:
221
(3.7)
The state satisfying (3.7) is called local equilibrium. Then, after some manipulations, 223 the following first order approximation in expansion (3.6) is obtained
where F (ψ) and G (ψ) are the Jacobian matrices of the flux functions. It is ev-226 ident that satisfying the subcharacteristic condition (3.4) amounts to ensuring the 227 dissipative nature of system (3.8).
228
This manuscript is for review purposes only. 
The non-linear fluxes in the right hand sides are solved with one iteration of the 241 Newton's method, which is enough to obtain convergence for the proposed first order 242 scheme. The resulting approximation consists in a Taylor expansion:
and the same holds for G (ψ). F (ψ n ) and G (ψ n ) are the Jacobians of the fluxes in 245 the two directions and can be computed analytically. Linearization (3.10) introduces 246 a coupling among all the equations and the following linear system is obtained: 
The numerical fluxes in (3.12) are computed by constructing a convex combination 
279
The numerical fluxes with the centered scheme are computed as follows:
281
This discretization is stable inside the adopted fully implicit framework. Since we 
The full 2D implicit all-speed scheme then reads: In the Euler case, there exists a reduced system S 0 , which is 2. as M goes to zero, there exists the limit discrete S ∆ 0 , which provides a con-301 sistent discretization of the continuous limit system S 0 .
302
Here we show that scheme (3.16) is AP. Property 1 is satisfied, since the scheme 303 is fully implicit, thus unconditionally stable. In order to prove that property 2 is 304 respected, we write the limit discrete scheme S ∆ 0 as M → 0 of the implicit relaxation 305 scheme and show that it is consistent with the continuous limit model S 0 .
306
In what follows, we begin with the non-dimensionalization of the scheme and then 307 we carry out the analysis of its asymptotics. We expose the reasoning on the time 308 semi-discrete scheme (3.9) for readability. The extension to the full time and space 309 discretization is straightforward. dimensional implicit relaxation scheme, we adopt the same notation of Section 2.1.
312
Here, we also have to scale the relaxation variables v and w: due to the relaxation 313 leading order (3.7), these variables have the same physical dimensions of the fluxes 314 F (ψ) and G (ψ) defined in (3.2). By considering the pressure as predominant, we 315 choose to scale v 2 and w 3 using the speed of sound. Thus, we obtain the following 316 non-dimensional formulation of the semi-discrete scheme (3.9) (we omit from now on 317 the subscript · for simplicity of notation):
2. the non-dimensional conservation of momentum is given by the two parts:
This manuscript is for review purposes only.
T , the non-dimensional conservation of energy is given by
with the scaled state law 
331
(2.10). The expansion of the scaled relaxation variable v 1 reads as follows
where we have introduced the notation with two superscripts, the first one indicating 334 the order in the power of M and the second one indicating the order in the power of η.
335
Here, we are keeping η =η fixed. Terms of zero-th order (superscript · 0,η=0 ) represent 336 the zero Mach number limit in the zero relaxation limit. Relaxation variables may be 337 expanded also in powers of η, as in a Chapman-Enskog expansion (3.6). One could 338 then combine expansions (4.6) and (3.6) and write a full expansion for v and w in 339 powers of both M and η. The expansion for v 1 reads
(4.7)
341
By setting M = 0 and η = 0, the incompressible Euler system can be recovered.
342
Since we need to preserve the low Mach number behaviour in the expansions 343 introduced above, we require that η M . This is necessary to recover the correct analyze the low Mach number regime. 349 We begin by substituting expansion (4.6) in powers of M in the scaled relaxation 350 scheme (4.1)-(4.2)-(4.3)-(4.4) and we collect terms of equal power of M : 
. 356 We are interested in the zero relaxation limit η → 0, hence we collect the terms
. This is plugged in (4.8), obtaining:
It is clear then that ∇p n+1
and the same holds for w 1,η 3 . After inserting the expansion in powers of η, 364 taking the zero relaxation limit η → 0 and collecting the terms O η (1/η), we 365 obtain the following relations:
This means that also ∇p n+1
• for the conservation of mass we have:
.
371
Once again, we expand in powers of η and take the zero relaxation limit 372 by collecting terms of order O η (1/η), obtaining 373 (4.11)
374
• for the conservation of momentum we have:
In the expansion in powers of η, terms of
• for the conservation of energy we adopt the same procedure of the con- The proof of the AP property for the fully discrete scheme (3.16) easily follows by 401 introducing discretization (3.13) into the spatial derivatives of (4.11)-(4.14)-(4.15), in 402 the limit M → 0. This implies that a fully centered discretization is adopted in the 403 incompressible limit, i. e. the numerical viscosity is consistent with the incompressible 404 regime. we set M max = 10 −1 : the initial condition in t = 0 is presented in Fig. 1(a) . In Figs. Instead, an upwind scheme is too diffusive for the targeted regime and thus the shape 439 of the vortex is lost. We also plot the results obtained after 2 and 3 rotations of the 440 vortex in Fig. 2 , confirming that the all-speed scheme is able to recover the correct 441 weakly incompressible solution also after long times.
442
For tests 2 and 3 we set M max = 10 −2 and M max = 10 −3 respectively. The results 443 after one full rotation are reported in Fig. 3 , for the relaxation all-speed scheme 444 and the explicit-upwind scheme [26] . The shape of the two vortices is completely 445 diffused when adopting an upwind flux discretization, whereas the all-speed convex 446 combination accurately preserves the initial vortex shape for both cases, besides a 447 small noise probably due to directional splitting.
448
In Table 1 , we report the total kinetic energy in the simulation domain at time On the contrary, when adopting conventional upwind discretizations the dissipation 453 rate of kinetic energy consistently increases as the Mach number decreases. 454 We also perform a study on the pressure fluctuations p f l = (p max − p min ) /p max , 455 computed on the same grid at time t = 1 for the three considered Mach numbers. 456 This manuscript is for review purposes only. Table 1 Total kinetic energy E kin,tot (t = 1) after one full rotation of the Gresho vortex relative to its initial value E kin,tot (t = 0) for different maximum Mach numbers.
These results are reported in Table 2 and they show that pressure fluctuations scale 457 exactly with M 2 when adopting the all-speed convex combination. We can thus infer 458 that the simulated flow is kept in the incompressible regime by the proposed numerical 459 scheme. This is clearly not the case with an upwind spatial discretization. The scaling 460 of p f l as M , theoretically expected for this latter scheme, can be asymptotically M max = 10 −1 M max = 10 −2 M max = 10 −3 all-speed 1.02 · 10 −2 1.06 · 10 −4 1.15 · 10 −6 explicit-upwind 3.37 · 10 −3 3.43 · 10 −5 1.86 · 10 −6 Table 2 Global pressure fluctuations p f l after one full rotation of the Gresho vortex for different maximum Mach numbers.
463
We here adapt the standard Gresho vortex test case to a water flow. It suffices to adjust the background pressure (5.1) with the stiffened gas state law as follows:
The initial density is set to ρ = 1000Kg/m 3 and the water parameters γ to be integrated with the finite volume scheme used to integrate the hyperbolic system 482 that we are interested in solving. Coherently with discretizations (3.9)-(3.12), we 483 employ a first order implicit scheme for time integration in a finite volume framework. 484 We get the following numerical entropy production in every cell:
where we are considering the spatial discretization of the two components of the nu- 
In the numerical experiments, we build the entropy pair on the physical entropy of 492 This manuscript is for review purposes only.
the Euler system, as follows:
The proposed estimate can also be adopted as a criterion that is able to pivot 495 mesh adaptivity. An effective adaptive algorithm has to be driven by an indicator . This test is characterized by the 505 following wave pattern: two contact waves, one left moving shock and one right moving
We adopt a grid of 256 × 256 cells and we enforce an acoustic constraint on the 508 time step ν ac = 0.9, in order to have stability for the explicit-upwind scheme and in 509 order to have a good resolution of all the propagating waves. In Fig. 5 we compare 510 the density contours and the numerical entropy production for the two schemes. It is 511 evident from the density contours that the all-speed property helps in keeping sharp 
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More details on the library can be found in [17, 40] . 540 We design an AMR algorithm based on the entropy production (5.2). We start 541 This manuscript is for review purposes only. We test the AMR algorithm on the previous 2D Riemann problem (Section 5.2.1).
558
We set L min = 5, S ref = 0.002 and S coa = 0.0001 and we enforce a material CFL 559 constraint ν mat = 0.3. L max is varied from 6 to 9 and these grids at time t = 0.3 560 are reported in Fig. 7 . We observe that the entropy criterion is pivoting the AMR in 561 the correct way, since the refinement levels are introduced where the 4 waves occur.
562
By comparing the grids of Fig. 7 and the solution structure in Fig. 8 , we can see 563 that the postshock region is refined also after the solution has become smooth. For 564 this reason, the refinement needs to be further optimized. In Fig. 8 we compare the 565 density profile obtained with a uniform grid built with L min = L max = 10, which 566 gives 1,048,576 cells and the density obtained with the AMR by setting L min = 5 567 and L max = 10, which gives a total number of cells of 146,578 at the end of the 568 simulation. The solution structure, the different waves and the small vortex in the 569 center are accurately approximated for both grids, gaining a very similar precision 570 (the small oscillations that can be seen on the contours of Fig. 8(b) are due to the 571 visualization software that is not able to fully handle quadtree grids). However, it 572 is evident that with the AMR technique the computational effort is reduced, since 573 the number of degrees of freedom is consistently reduced (of about 10 times). The 574 CPU times required with the uniform grid and with the AMR grid, using 32 cores, 575 are respectively 9.25 · 10 3 and 1.61 · 10 3 seconds. 576 6. An extension to non-linear elasticity. As anticipated above, the relax-577 ation all-speed scheme (3.16) can be adopted also for the simulation of flows with 578 more complex EOS. Specifically, the accurate approximation of the deformation of 579 elastic solids can be addressed. To this end, we adopt a monolithic Eulerian model 580 describing different materials with the same system of conservation laws. The model 581 derivation has been exstensively discussed in several previous works [19, 37, 20, 2].
582
Here we briefly report the 2D system and the chosen hyperelastic state law.
583
Let Ω 0 ∈ R 2 the initial (or reference) configuration of a continuum and Ω t ∈ R 2 584 the deformed configuration at time t. The considered system of conservation laws 585 models fluids and hyperelastic solids in the Eulerian framework, thus it is written in 586 the deformed configuration Ω t . As for fluids, the equations describing the evolution 587 of elastic solids are the conservation of mass, of momentum and energy. In addition, a 588 law for the description of the deformation is needed: this is done with the introduction 589 of equations of transport of the backward characteristics. These functions describe the 590 continuum in the Eulerian framework: for a time t and a point x in the deformed 591 configuration, the corresponding initial point ξ in the initial configuration is given,
One can also introduce the forward 593 characteristics X (ξ, t), defined as the image at time t in the deformed configuration 594 of a material point ξ belonging to the initial configuration, i. e. X :
The corresponding Eulerian velocity field u is defined as u : t) . Forward and backward characteristics are related 597 as follows: Y (X (ξ, t)) = ξ. By differentiating this latter relation, one gets 598 (6.1)
Since the stress tensors have a direct dependence on [∇Y ], the gradient of (6.1) is 600 taken as a governing equation (see for details [2, 13] 
Here σ is the Cauchy stress tensor, which is derived through the chosen EOS. The
604
total energy e is still given by expression (2.2), but now the internal energy has to 605 account for the behaviour of different materials, including gases, liquids and solids.
606
Therefore, we adopt the following general constitutive law [24, 20] :
where B is the normalized Cauchy stress tensor:
The energy function (6.3) includes different physical behaviors. The first part is 611 exactly the internal energy (2.3) for gases and liquids. The last term describes the 612 variation of energy in a neohookean elastic solid due to elastic deformations (χ is the 613 shear elastic modulus). As shown in Table 3 , classical models are obtained by specific 614 choices of the coefficients.
[Pa] Perfect biatomic gas 1.4 0 0 Stiffened gas (water) 4.4 6.8 · 10 8 0 Elastic solid (copper) 4.22 3.42 · 10 10 5 · 10 10 Table 3 Typical parameters for different materials.
The general expression of the Cauchy stress tensor σ is easily obtained [13, 1] 616 (6.4)
We rewrite the Eulerian model (6.2) in the compact formulation with the direc-618 tional splitting (3.1), having ψ, F (ψ) , G (ψ) ∈ R n with n = 8: and (6.7) and by using the speed of sound to scale pressure and total energy, we get condition is the following 684 (p, ρ, u 1 , u 2 ) (x 1 , x 2 , t = 0) =          10 9 , 8900, 0, 0 , Ω 1 10 9 , 8900, 0, 0 , Ω 2 10 9 , 8900, 0, 0 , Ω 3 10 5 , 8900, 0, 0 , Ω 4 , scheme, by enforcing the same acoustic CFL ν ac = 0.45, which gives ∆t = 8.8 · 10 −7 .
697
It is evident that the all-speed spatial discretization accurately approximates the two 698 material waves, which are instead diffused by an upwind-like discretization. Then, 699 in Figs. 9(c)-9(d), we solve the same problem with the all-speed relaxation scheme 700 by enforcing a material CFL constraint ν mat = 0.2, which gives ∆t = 7.8 · 10 −6 , and 701 ν mat = 0.3, which gives ∆t = 1.17 · 10 −5 : the accuracy on the material waves is 702 maintained also with large material time steps. Of course the fast waves are diffused, 703 since their speed is too high to be followed by a material ∆t, as explained in Sec. 704 3.2.1. In Fig. 10 we report the components σ 11 and σ 22 of the stress tensor, the 705 pressure and the velocity field u, which is of course continuous on the two material 706 waves. We report these profiles obtained with the acoustic CFL condition, in order 707 to show all the propagating waves with a good resolution. 
708
The second test is instead representative of the acoustic low Mach regime. In 709 order to simulate a rubber-like material, we adopt the EOS parameters γ = 4.4, 710 χ = 8 · 10 5 Pa and p ∞ = 6.8 · 10 8 Pa and the following initial conditions:
10 8 , 1000, 0, 0 , Ω 1 10 8 , 1000, 0, 0 , Ω 2 10 8 , 1000, 0, 0 , Ω 3 9.8 · 10 7 , 1000, 20, 20 , Ω 4
712
We impose a small initial pressure discontinuity and also an initial velocity field 713 in Ω 4 . The velocity field is imposed in order to analyze the propagation of slow The scheme exploits the relaxation method proposed by Jin and Xin, in order to deal 734 with an advective operator that is independent of the EOS. Thanks to this, we have 735 been able to simulate fluid flows and elastic deformations without any modification 736 This manuscript is for review purposes only.
of the scheme structure.
737
A proof of the asymptotic preserving property has been proposed, showing that 738 the incompressibility condition is respected by the scheme. The Gresho vortex tests 739 have shown that, by setting an incompressible initial flow, the scheme is able to pre-740 serve the incompressible regime at all times, with pressure fluctuations of order M 2 .
741
The scheme has also been tested on the solution of Riemann problems, accurately 742 approximating material waves propagating in both fluids and elastic materials. The 743 material waves are kept sharp also with large material time steps. Moreover, an adap-744 tive mesh refinement algorithm has been designed for the proposed scheme, providing 745 a consistent reduction of the computational effort. The algorithm is based on the 746 estimate of the scheme entropy production, which has also been used to study the 747 accuracy of the proposed spatial discretization.
748
Different improvements will be proposed in the future, including the extension of 749 the scheme to higher orders and the derivation of suitable preconditioners that can 750 provide a more efficient solution of the linear system. The scheme will also be applied 751 to the simulation of multi-material problems such as low speed-impacts. This can be 752 done with the introduction of a level set function to track the physical interfaces and 753 by extending the implicit multi-material scheme proposed in [4] to multi-dimensional 754 problems. Moreover, the AMR technique will be extensively analyzed and improved.
755
Appendix A. Jacobian of the fluxes in elasticity. The jacobians of the 756 fluxes F (ψ) and G (ψ) inside the Eulerian model (6.2) can be computed analytically. 757 We introduce the notation σ jk ,ψi , which stands for the derivative of the jk , j, k = 1, 2 758 component of the tensor σ with respect to the conservative variable ψ i , i = 1, ..8.
759
These derivatives are computed using definition (6.4) of σ, where it can be useful to 760 rewrite the pressure as function of the energy as follows 761 p = −γp ∞ + (γ − 1) ρe − 1 2 ρ|u| 2 − χ trB − 2 .
762
We remind that tensor σ is symmetric, i.e. σ 12 = σ 21 . The expression for F (ψ) is 763 here reported: 
